In this work we propose the quantization of a cosmological model describing the primordial universe filled with five barotropic fluids, namely: radiation, dust, vacuum, cosmic strings and domain walls. We intend to identify which fluid is best suited to provide phenomenologically the temporal variable in accordance with the observable universe. Through the Galerkin spectral method and the finite difference method in the Crank-Nicolson scheme (vacuum case), the cosmological solutions are obtained and compared. The vacuum case is especially interesting because it provides a tunneling transition mechanism from the quantum to the classical phase and the possibility of calculating quantum tunneling probabilities.
Introduction
The fact that there is no complete theory of quantum gravity implies the need to test the quantum effects in different regimes and models of the universe. In this sense, quantum cosmological models [1] are simple examples in which ideas of quantum gravitational phenomena can be tested. Using the approach known as canonical quantization, the scenario obtained is a minisuperspace in which an infinite number of degrees of freedom are frozen, and the remainders quantized. Canonical quantization consists of describing the dynamics of the universe through the evolution of its geometric degrees of freedom and the fields present at each instant through the foliation of four-dimensional space-time in successive three-dimensional manifolds, each associated with an instant of time, a procedure performed through the socalled ADM formalism [2] . However, the foliation procedure carries with it a negative consequence: a temporal variable becomes absent in theory. This fact is known as the problem of time in quantum cosmology [3] .
The nonexplicit presence of a variable of the temporal type can be overcome by the phenomenological introduction of dynamic variables associated with different material contents of the universe. The pressure of this fluid is expressed in terms of velocity potentials, of which one of them can exert the function of time. This is the so-called Schutz's formalism [4, 5] . Thus, a time-dependent Schrödinger equation is established, which makes it possible to obtain the so-called universe wave function and expected values of the scale factor associated with this universe model.
In cosmology, the equation of state is the name of the equation expressing the relationship between pressure p and energy density ρ. It is a particular example of the equation of state of any statistical mechanical system, which usually involves other variables like temperature. But in cosmology one makes the simplifying assumption that the energy density and the pressure are simply related, and that the temperature does not appear in the equation, nor any other thermodynamic variable. This is for the sake of simplicity and also because it covers a lot of interesting cases. So it is simply p = ωρ in which ω is a number. The ω parameter could change with time, but we will assume that any time derivatives of ω are negligible compared to time derivatives of others variables. This is reasonable if the equation of state is related by microphysical processes that is not directly determined to the expansion of the universe. Thus, in a simple and efficient way for the purposes of this work the equation of state expresses that the pressure p is equal to ω times the energy density ρ.
The situation in which the behaviour of a quantum universe whose material content is composed of a barotropic fluid has already been widely explored in the scientific literature [6, 7, 8] . We also find cosmological models in which the material content of the universe is composed of two barotropic fluids [9, 10] . In [9] , a universe filled with a fluid of stiff matter and radiation is quantized. In [10] , the quantization of a model of radiation and dust was carried out following the causal interpretation of quantum mechanics. In both cases, only the situation in which the radiation fluid is associated with time in theory is studied, and thus, non-singular universes are obtained. In this way, this article presents a significant extension of the aforementioned works, since here cases are studied in which the role of time is played by other fluids (and not only by radiation). Increasing the number of degrees of freedom of the models enriches the description of the different cosmological scenarios and may lead to greater accuracy. As in the Wheeler-DeWitt equation the absence of the time parameter is a very important theoretical problem, all the cited models attempt to circumvent this using the most varied methods. The Schutz's formalism is very useful for solving this fundamental question. In this formalism the material content plays the role of the temporal variable. But that choice is quite arbitrary.
Here in this work we intend to analyze the behavior of the quantum universe where the material content is composed of five barotropic fluids. Our objective is to study the scale factor behaviour and the states of the primordial universe in a model that, in relation to the more conventional works, has a greater number of degrees of freedom associated with matter. Furthermore, we hope to check which of the fluids used as the temporal variable produces the best behavior for the universe in the sense of its passage to the classical phase of its evolution.
The structure and organization of the article is elaborated as follows: in Sec. 2 we introduce the characteristics of the model, explaining the role of each barotropic fluid in the evolution of the universe, namely: cosmic strings, domain walls, radiation, dust and vacuum fluid; in Sec. 3 we compute the expected values for the scale factor of the universe; Sec. 4 shows the classical evolution of the scale factor of the universe. Finally, in Sec. 5 we present our conclusions and discuss our results.
The Model
In this model we consider a homogeneous and isotropic Friedmann-LemaitreRobertson-Walker (FLRW) universe with spatial curvature k:
in which a(t) is the scale factor and N (t) denotes the lapse function. We start with the Einstein-Hilbert action with a boundary term plus matter
in which R is the scalar curvature, K is the trace of the the extrinsic curvature K ab , h is the determinant of the induced metric h ab over the threedimensional spatial hypersurface, which is the boundary ∂M of the four dimensional manifold M and p is the pressure. The last term in (2) is Schutz's action [4] that describes the dynamics of a relativistic perfect fluid in interaction with the gravitational field in terms of velocity potentials. It assumes that in the absence of rotation, the four-velocity can be expressed in terms of potentials φ, θ and S as
The variable µ is the specific enthalpy, S is the specific entropy, whereas the potentials φ and θ have no clear physical meaning. The four-velocity obeys the normalization condition
so that we can express µ in terms of the potentials
The basic thermodynamic relations for a barotropic perfect fluid, p = ωρ, are given by
Here Π is the specific internal energy and Θ is the temperature. By the identity
we can identify
If we now combine the equations (6) and (8), we can by means of the equation of state express the pressure as
By using (1) and (9) in the action (2), it is possible to obtain the Lagrangian
The conjugate momenta are derived from the above Lagrangian, written in terms of the canonical variables
Finally, if we use the canonical formalism the action (2) reduces to
in which the super-Hamiltonian H is
The canonical transformation
allows us to introduce the moment associated with the fluid variable varying linearly in (13) . With the choice of the lapse function given by N = a, the Hamiltonian of a single perfect fluid can be written as follows
For this Hamiltonian to be self-adjoint, one has to introduce a weight function in the inner product of two wave functions Φ and Ψ, which reads
According to the type of fluid, the parameter ω in its equation of state takes specific values 1 : ω r = 1/3 for radiation; ω d = 0 for dust; ω cs = −1/3 for cosmic strings; ω dw = −2/3 for domain walls; and ω v = −1 for vacuum.
The Hamiltonian of a cosmological model with all those five fluids can be extended from (15) to
We can now implement the canonical quantization procedure in minisuperspace and obtain the corresponding Wheeler-DeWitt equation
Substituting the momenta by their corresponding operatorŝ
we can transform the Wheeler-DeWitt equation (18) into a genuine time dependent Schrödinger equation as a consequence of the linear contribution of the momenta associated with the variable T . Therefore, it is possible to introduce time phenomenologically in five different ways, each one associated with a specific fluid. Next, we will present the five perfect fluids and their role in the evolution of the universe. We will cover the cases of cosmic strings, domain walls, radiation, dust and vacuum.
Cosmic strings fluid (ω cs = −1/3)
If we have an exotic matter with an equation of state of the type p cs = − 1 3 ρ cs , this fluid is called cosmic strings fluid. They were first introduced by theoretical physicist Tom W. B. Kibble [11, 12] in the late 70s as a possible result of some field theories. They are objects that may have formed in the early Universe, through a phase transition, with a one-dimensional (linelike) structure. Cosmic strings were a popular research topic in the 80s, since they could have triggered the formation of large-scale structures such as galaxies [13] . The presence of cosmic strings in the early universe would leave an imprint in the cosmic microwave background (CMB). Space-based experiments like COBE and WMAP revealed that cosmic strings do not make a measurable contribution to the CMB, thus ruling out a significant role for cosmic strings [14] .
This kind of matter was revisited in the early 2000s when it was realized that it could also be formed in the context of string theory [15, 16, 17] , in which elementary particles are described by tiny one-dimensional objects in a multi-dimensional space. In some theories, the strings could grow to cosmological scales and behave like historical cosmic strings. These are called cosmic superstrings, and could provide precious observational signatures of string theory. Assuming they do exist, the network of cosmic (super)strings formed in the early universe would have evolved as the universe expanded.
Cosmic strings, though ruled out as the origin of cosmological structure, have recently obtained renewed popularity by the recognition that a variety of string theory-motivated and hybrid models for inflation generically predict the formation of cosmic string networks [18] . Strings are limited to producing less than about 10% of the primordial CMB anisotropy. CMB data can actually favor a contribution from strings if the inflationary spectrum is exactly Harrison-Zeldovich (n s = 1) [19] . Thus, the existence of cosmic strings remains a serious element in the context of cosmology, mainly in the early phase of the evolution of the universe.
Here, in this work, the cosmic string networks is considered as one of the basic elements refering to the material content of the universe. The introduction of time as p Ts gives the equation
for the wave function of the universe, in which V ef (a) is the effective potential given by
In Eq. (20) the time parameter has been rescaled as (t → −T ). Notice that (20) is not a time-dependent equation, because the term that involves a time derivative has a factor a 2 . The system has bound states and its approximate solution has been obtained in [20] using the spectral method [21] . A finite interval [0, L], with L > 0, has been used; once obtained the energy spectrum and its eigenfunctions, wave packages of finite norm has been obtained by the superposition of the 10 lower-level states. Each eigenfunction, as well as the wave packages obtained, vanish at a = 0 e a = L. Figure 1 shows the expected value of the scale factor of the Universe, the first three eigenstates, as well as the initial probability density and the effective potential obtained.
Domain walls fluid
As in the case of the cosmic strings, the presence of a particular defect after spontaneous symmetry breaking is determined by the topology of the vacuum manifold of the theory or model in question. Strings are line-like defects which form if an axial or cilindrical symmetry is broken. Among those defects, domain walls are the simplest since they arise if the potential of a field has a global discrete symmetry that is spontaneously broken by the vacuum. It occurs when the vacuum manifold has two or more disconnected components [22] . In our cosmological context, the universe after the phase transition divides into domains, each populated at random by one of the available vacua. In recent times the motivation for the study of cosmic defects in general and domain walls in particular arise in the context of branes theories [23] .
In terms of hydrodynamical description the domain walls fluid is represented by the particular equation of state p dw = − 2 3 ρ dw . This type of fluid is also known as solid dark energy, which possesses resistance to pure shear deformations, guaranteeing stability with respect to small perturbations [24] . The microphysical origin for solid dark energy is a dense network of low-tension domain walls. This is attractive for several reasons. First, domain walls are ubiquitous in field theory, inevitably appearing in models with spontaneously broken discrete symmetries. Second, domain walls, and the solid dark energy in general, have been shown to be compatible with the observations of large scale structure. Finally, a static wall network has an equation of state ω dw = −2/3, consistent with all observational data.
Here we are interested in the quantum description of the universe filled with several fluids including the domain walls fluid. In this particular case, when we choose p T dw to play the role of cosmic time, the Wheeler-DeWitt equation in minisuperspace is
in which the effective potential is given by
Again, the effective potential yields bounded states. In this case the weight function of the inner product of wave functions is a 3 . Like in the previous case, we have applied Galerkin method and obtained approximate eigenvalues and eigenfunctions. Fig. 2 shows the quantum behavior of this model with the time variable corresponding to the domain walls fluid. 
Radiation fluid (ω r = 1/3)
The parameter of the equation of state of relativistic matter (radiation, i.e. photons, but also matter in the very early universe) is ω r = 1/3 which means that it is diluted as ρ r ∝ a −4 . In an expanding universe, the energy density decreases more quickly than the volume expansion, because radiation has momentum and, by the de Broglie hypothesis, a wavelength which is redshifted. This type of fluid is also known as hot matter, where the hot term refers to the fact that these particles have velocities equal to the speed of light c. They encompass not only the relativistic known elementary particles, but possibly the unknown ones (i.e. hot dark matter) [25, 26] .
In the radiation case, the Wheeler-DeWitt equation and the effective potential are given, respectively, by
and
In contrast to the previous cases, Eq. (24) is a time-dependent Schrödinger equation. The inner product of wave functions has weight function equal to unity.
The results are shown in Fig. 3 . We can verify that the temporal behavior of the expected value that is shown in Fig. 3(d) is similar to the behavior of the expected value in the case of a FLRW type cosmological model with positive curvature, negative cosmological constant and radiation, studied in Ref. [27] .
Dust fluid (ω d = 0)
In cosmology, dust refers to a pressureless perfect fluid, which essentially means a continuum of nonrelativistic material particles [25] . Galaxies behave as massive gravitationally bound entities. Since the typical separation between galaxies, d ≈ (1) Mpc, is much larger than the average size of a galaxȳ d ≈ (10 −2 ) Mpc, collision between galaxies are rare. In the hydrodynamical scenario we may therefore view the galaxies as individual particles that are massive but have no internal structure and do not collide one another. This implies that there is no pressure between them, so it is reasonable to assume that the matter in the universe today is pressureless, with equation of state given by p d = 0. The equation of state of ordinary non-relativistic matter is ω d = 0, which means that it is diluted as ρ d ∝ a −3 = V −1 , where V is the volume, implying that the energy density redshifts as the volume. The presence of atoms in the universe can also be thought of as a fluid of dust. When the universe expands and consequently cools down the interactions between these elements drastically reduces and the gravitational interaction becomes dominant. Dust is also called cold matter where the adjective cold refers to the fact that particles making up this kind of matter have a kinetic energy much smaller than their mass energy [26] . In this case
in which v th is the thermal velocity of particles. To a near-perfect approximation, ω d = 0, implying ρ d ∝ a −3 , in line with our simple dilution argument. Here, when we choose the dust fluid as time parameter, the Wheeler-DeWitt equation reads (27) in which
Once more the effective potential yields bound states, and Galerkin method can be applied for approximate solutions. In this case, the weight function of the inner product of wave functions is a. Fig. 4 reveals that, as the radiation case, in the dust case the expected value of the scale factor suggests an oscillating Universe in its initial phase of evolution. The energy spectra for cosmic strings, domain walls, radiation and dust is compared in Table 1 (each case corresponds to associating time with that particular fluid). For the cases of domain walls and cosmic strings, the values of E grow sharply with the decrease of ω. In these cases, there are no negative energies. For the choice of time in the cases of radiation and dust, the lower levels of energy E are negative as a consequence of the effective potential, which exhibits a barrier followed by an infinite well.
In all cases examined so far Ψ(a, t) is well-defined for all values of the scale factor a, even as a → 0; moreover, the expectation value a (t) = 0 for all calculated values of t. Such result indicates that, at the quantum level, those models are free from singularities.
In the next section we will treat separately the fluid case of vacuum as candidate for the time variable, since there are no bound states and the Galerkin method used in the previous cases of this work can not be employed. In the vacuum scenario the potential takes the form of a barrier suggesting the possibility of the quantum tunneling process of the region classically forbidden to that allowed as provided in [28] . An initial oscillating phase is not observed, which suggests the characteristic expansion of the Big Bang scenario.
Domain walls
Cosmic strings Dust Radiation 
Vacuum fluid (ω v = −1)
The history of the cosmological constant and its introduction into the relativistic equations of gravitation is well known: Einstein sought to obtain a static universe but his equations provided a dynamic universe. He introduced the cosmological constant to avoid this dynamic behaviour. When Hubble showed that the universe in which we live was really dynamic and that its components were moving away from each other the use of the cosmological constant lost its meaning. But his concept returned in at least three different contexts: (i) as the vacuum energy in quantum field theories; (ii) as responsible for the cosmic inflation and (iii) dark energy related to the acceleration of the cosmic expansion [29] .
To understand the vacuum case in terms of hydrodynamics concepts and its use in cosmological scenarios we start with the Friedmann equation with a non-zero cosmological constant Λ 3ä a = Λ − 4πG(ρ + 3p) .
Next, we want to treat Λ as an effective pressure and energy density as
We do this because now the Friedmann equation (29) simplifies to
So now we get an effective value for ω related to our equation of state
and if we assume that the cosmological constant is dominant, i.e. p ≈ 0 and ρ ≈ 0, we get the value of ω ef for vacuum fluid is −1.
It is easy to verify that the cosmological constant Λ is a dimensionful parameter with units of (length) −2 . From the point of view of classical general relativity, there is no preferred choice for what the length scale defined by Λ might be. Particle physics and quantum field theories, however, bring a different perspective to the question. Here, the existence of Λ comes from zero point energy of fluctuation, that is zero point energy of harmonic oscillators which represent the quanta of the field. Vacuum energy has the special property that its density is a constant. By that we mean that the density of vacuum energy inside the universe does not change when you change the size of the universe. The vacuum energy density is called ρ 0 . Now, the variable named Λ is just ρ 0 multiplied by a constant. By definition Λ = (8πG/3) ρ 0 . So Λ is not a fundamentally different concept than the vacuum energy density. As we have seen above, the vacuum does correspond to an equation of state with ω v = −1. If the energy density of the vacuum is positive, the pressure is negative. If the energy density is negative, the pressure is positive. It is a characteristic of vacuum energy [29] .
The Wheeler-DeWitt equation for the vacuum case (ω v = −1) takes the form
in which the effective potential is
The actual potential now describes a small well followed by a potential barrier, as shown in the Figure 5 . It is observed that the vacuum case does not have a bound state structure. Unlike the other fluids candidates for the role of time, the model presents a continuous energy spectrum, and can not be analyzed by the Galerkin spectral method, as done in previous cases. The use of Galerkin's method in this case could be understood as an approximation of a more general situation. Thus, the finite difference method is employed in the Crank-Nicolson scheme [30] because of its known stability. Eq. (34) is not in the form of a time-dependent Schrödinger equation, since the time derivative is multiplied by a factor a 4 . Because of this, we apply a canonical transformation to the case As initial condition have chosen the normalized wave function
which depends on the average kinetic energy of the initial packet (E m ) and satisfies the required boundary conditions Ψ(0, t) = Ψ(∞, t) = 0. Through a computational routine we implemented the Crank-Nicolson method for solving the Eq. (38). In all the analyzed cases it was possible to obtain a well-defined wave packet in the whole space, even with the degenerate 3-sphere. The evolution of the wave function was carried out in a reticulate of 4500 points. We considered the numerical spatial infinity at x f = 65 and let the wave function evolve from t = 0 to t f = 10, with time step dt = 0.05, from the initial condition (40) with E m = 3.5. Fig. 7 shows the resulting wave packet at the instant of time it reaches the numerical spatial infinity. The wave has tunneled completely, indicating that the universe may arise classically to the right of the potential barrier.
The case of the choice of vacuum fluid for the role of time differs from other cases in certain respects. Here the energy spectrum is not discrete, providing the possibility for the universe to emerge from its quantum to classical phase as long as the wave function of the universe goes through a small potential barrier. If this happens, the universe will classically appear to the right of the potential barrier and from this moment on its dynamics will be governed by Hamilton's equations.
The numerical method employed in this case is the finite difference method in the so-called Crank-Nicolson scheme. This method has been applied in the quantization of cosmological models with other material contents [7, 32, 33] , proving effective in the search of solutions for the Wheeler-DeWitt Figure 7 : |Ψ(x, t max )| 2 = ρ for E m = 3.5 and t f = 10 when Ψ reaches the numerical infinity in x f = 65.
equation. The mechanism for this is the so-called quantum tunneling, proposed by Vilenkin [34] , in which the universe can arise, as a classical system, from nothing.
The Quantum Tunneling process
Here we will investigate whether the quantum tunneling mechanism may be responsible for the birth of the universe. According to the effective potential described by Eq. (21), it has a local maximum point at x max = 0.1373356097, producing at that point a barrier with a maximum height given by V ef (x max ) = 3.803450769. The tunneling probabilities (TP) will be calculated as proposed by [32] 
where x 2 corresponds to the return point to the right of the potential barrier.
We also compared the results with those obtained by the WKB approximation [35] , using the expression
in which
Here, x 1 is the return point to the left of the potential barrier, and the potential is given by Eq. (39). Considering the energies of the system studied here as E m < V ef (x max ), we have calculated the tunneling probabilities for different energy values shown in Table 2 . When we compare the tunneling probabilities T P calculated for this model, we observe that these are in general much larger than those obtained in the FLRW quantum models with positive curvature and (i) with cosmological constant and radiation [33] , and (ii) with the Chaplygin gas and radiation [7] models. This should happen due to the fact that in this work the height of the potential barrier is much smaller. Denoting the maximum potential energy of E max , the Table 2 shows us that the tunneling probability is T P ≈ 1, indicating that the wave function crosses the barrier completely for energies in the range 1 ≤ E m ≤ E max .
The expected value for the scale factor of the universe
Now, we can analyze how this quantum model predicts the behavior of the scale factor of the universe in this epoch. Using the many-worlds interpretation, we can calculate the expected value of the scale factor defined by
The result shows that the universe has been expanding since its origin at a time t 0 in the past. To illustrate this, we calculated the time evolution of the expected value of the scale factor, for wave packets constructed from the initial condition (40) with energy E m = 3.5, very close to the top of the potential (but smaller) barrier, as shown in Fig. 8 .
We can see that x (t) = 0 for all value of t, indicating that the quantum model is free of singularities. 
The classical evolution of the scale factor of the universe
After the Universe emerges classically to the right of the potential barrier at some point x 2 , depending on the energy E m of the initial wave packet, the dynamics of its evolution is governed by Hamilton's equationṡ The quantization, performed by Schultz formalism, showed that in all cases analyzed, wave packages with finite norm could be built which were well-defined for all space points, even as a → 0.
Employing Schutz variational method for fluids allows one to solve, for all cases, the time problem, by choosing one of the fluids as the "new" time. Except for the vacuum case, one obtains effective potentials that yield quantum bound states. For tackling those cases, Galerkin method has been applied. In all cases, the dynamics is described by wave packages.
The expected value of the scale factor, but for the vacuum case, describes primordial Universes which oscillate in a bounded interval, with non-vanishing scale factor. For this case, the expected value of the scale factor slightly contracts (but never vanishes) at first, and then begins an expansion process, indicating that the Universe emerges from its quantum to its classical phase. The mechanism of such transition is the quantum tunneling. It is striking that for the vacuum case the tunneling probability is very close to unity, much larger than the ones obtained in the literature for other cases [7, 32] .
We conclude that from the five fluids studied, the vacuum is the best candidate for the role of "time", being the only one that describes a mechanism of transition from Planck's era to the classical phase.
